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Abstract
We prove that any Hamiltonian bundle whose fiber is a nilmanifold c-splits.
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1. Introduction
Let (M,ω) be a closed symplectic manifold. A fiber bundle (M,ω) → P → B is called Hamiltonian if its structural
group can be reduced to the group of Hamiltonian diffeomorphisms. The following conjecture was posed by Lalonde
and McDuff in [9]:
Conjecture 1.1. Every Hamiltonian fiber bundle c-splits. This means that there is an additive isomorphism
H ∗(P ) ∼= H ∗(B)⊗H ∗(M)
where H ∗ denotes cohomology with real coefficients.
The c-splitting conjecture holds in many cases, see [1,6,8–10,12], but the general case is still not resolved. In
particular, an argument of Blanchard, [4] shows that it holds when the cohomology of the fiber satisfies the hard
Lefschetz condition. The purpose of this paper is to prove the c-splitting conjecture for fibers which are symplectic
nilmanifolds. A nilmanifold is a compact homogeneous space of the form N/Γ , where N is a simply connected
nilpotent Lie group and Γ is a discrete co-compact subgroup (i.e. a lattice). Let us recall that these manifolds do not
satisfy the hard Lefschetz condition except for tori [3,11,15].
In this article we prove the following theorem.
Theorem 1.2. Let (N/Γ,ω) be a symplectic nilmanifold and (N/Γ,ω) ↪→ P → B be a Hamiltonian bundle over a
simply connected CW-complex. Then H ∗(P ) ∼= H ∗(B)⊗H ∗(N/Γ ) as algebras.
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Theorem 1.3. Let (N/Γ,ω) be a symplectic nilmanifold. Then any Hamiltonian bundle (N/Γ,ω) ↪→ P → B c-splits.
Proof. Since BHam(N/Γ ) is simply connected then the universal Hamiltonian bundle with fiber N/Γ
N/Γ → EHam(N/Γ )×Ham(N/Γ ) N/Γ → BHam(N/Γ )
is c-split by Theorem 1.2. It follows from [9, Lemma 4.1(i)] that any Hamiltonian bundle with fiber N/Γ c-splits. 
We will prove Theorem 1.2 in the next section. The first step is to establish the result for B = S2. In [12], McDuff
proved that every Hamiltonian bundle over S2 c-splits. The proof is difficult and requires hard analytic tools. In the
special case of nilmanifold fiber our approach gives a different and easy proof. The main tool used in this paper is the
Sullivan model of a fibration. Also, we use the following characterization of Hamiltonian bundles:
Theorem 1.4. (See [9, Lemma 2.3].) If π1(B) = 0 then a symplectic bundle M ↪→ P → B is Hamiltonian if and only
if the class [ω] ∈ H 2(M) extends to a ∈ H 2(P ).
2. Proof of Theorem 1.2
2.1. Some facts from rational homotopy theory
Basic reference for rational homotopy theory is [5]. We also keep terminology and notation close to [5]. In this
paper all algebras and cohomologies are considered over the field of real numbers.
A free commutative cochain algebra (ΛV,d) such that
(1) V is a graded vector space and V = {V p}p1,
(2) V =⋃∞k=0 V (k), where V (0) ⊂ V (1) ⊂ · · · is an increasing sequence of graded subspaces such that
d = 0 in V (0) and d :V (k) → ΛV (k − 1), k  1,
(3) Imd ⊂ Λ+V ·Λ+V , where Λ+V =⊕∞q=1 ΛqV and ΛqV is the linear span of the elements v1 ∧· · ·∧vq , vi ∈ V ,
(4) there is a quasi-isomorphism
m : (ΛV,d) → APL(X)
is called the minimal Sullivan model for a path connected topological space X. Here APL(X) denotes the cochain
algebra of polynomial differential forms on X.
If condition (3) is not satisfied then (ΛV,d) is called the Sullivan model for X. For any path connected topological
space X there exists a minimal Sullivan model (ΛV,d) and this is uniquely determined up to isomorphism. If X is a
finite CW complex then each V p is finite dimensional.
Let f :X → Y be a continuous map between path connected topological spaces. A choice of m : (ΛVY , d) →
APL(Y ) and m′ : (ΛVX,d ′) → APL(X) determines a unique homotopy class of morphisms between Sullivan models
of Y and X respectively. A morphism f ∗ : (ΛVY , d) → (ΛVX,d ′) such that m′f ∗ and APL(f )m are homotopic is
called a Sullivan representative of f. Here APL(f ) :APL(Y ) → APL(X) is a morphism induced by f .
The following theorem can be found in [2]. See also Proposition 15.5 in [5].
Theorem 2.1 (Grivel–Halperin–Thomas). Let π :E → B be a Serre fibration of path connected spaces and F =
π−1(b) be the fiber over the base-point b. Suppose that:
(1) F is path connected,
(2) π1(B) acts nilpotently on Hk(F ) for all k  1,
(3) either B or F is of finite type.
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APL(B) APL(P ) APL(F )
(ΛVB,d)
mB
(ΛVB ⊗ΛVF ,D)
m
(ΛVF ,d)
mF
in which (ΛVB,d) is a minimal Sullivan model for B , (ΛVF , d) is a minimal Sullivan model for F , m is a quasi-
isomorphism and
Db = db, b ∈ ΛVB
Dv − dv ∈ Λ+VB ⊗ΛVF , v ∈ VF .
2.2. A minimal Sullivan model for S2
The fundamental class [S2] ∈ H2(S2;Z) determines a class ω ∈ H 2(APL(S2)) such that 〈ω, [S2]〉 = 1. Here 〈, 〉
denotes the pairing between cohomology and homology. Let Φ be a cocycle representing the cohomology class ω and
Φ2 = dΨ . Then a minimal Sullivan model for S2 is given by
m :
(
Λ(a,b), d
)→ APL(S2)
where deg(a) = 2, deg(b) = 3, ma = Φ , mb = Ψ .
2.3. A minimal Sullivan model for a nilmanifold
Let N/Γ be a nilmanifold of dimension n. In this case, the differential graded algebra ANDR(N) of right-invariant
forms on N is a Sullivan minimal model for N/Γ . In other words, there is a dual basis {x1, x2, . . . , xn} to the basis
{X1,X2, . . . ,Xn} of n such that(
Λn∗, d
)= (Λ(x1, x2, . . . , xn), d)
with deg(xk) = 1, k ∈ {1,2, . . . , n} is a minimal model of N/Γ . Here n denotes the Lie algebra of the Lie group N .
We call a form α on N/Γ homogeneous if the pullback of α to N is right-invariant. Thus, any cohomology class
[α] ∈ H ∗(N/Γ ) is represented by a homogeneous form αh. Recall [7,11] that the cohomology class of the symplectic
structure is represented by a homogeneous symplectic form. Therefore, it is represented by a degree 2 element of the
minimal model which we can write as ω =∑aij xixj and the following conditions are satisfied:
(1) dω = 0,
(2) for every X ∈ n
ω(X,−) = 0 ⇒ X = 0.
2.4. Proof of Theorem 1.2
Let N/Γ be a symplectic nilmanifold of dimension 2n and
N/Γ ↪→ P → B
be a Hamiltonian bundle over a simply connected CW-complex. The assumptions of Theorem 2.1 are satisfied since
N/Γ is of finite type. Thus we obtain a commutative diagram
APL(B) APL(P ) APL(N/Γ )
(ΛVB,d)
mB 
(ΛVB ⊗Λn∗,D)
mP 
(Λn∗, d)
mN/Γ 
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Db = db, b ∈ ΛVB,
Dv − dv ∈ Λ+VB ⊗Λn∗, v ∈ n∗.
We will show that Dv = dv, v ∈ n∗. This implies that H ∗(P ) = H ∗(B)⊗H ∗(N/Γ ).
Case 1. B = S2. Let (Λ(a, b)⊗Λ(x1, x2, . . . , x2n),D) with deg(xk) = 1, k ∈ {1,2, . . . ,2n} be the Sullivan model
for P . By degree reasons the differential D is given by
D(xk) = αka + dxk, where αk ∈ R.
Let ω = ∑aij xixj represent the cohomology class of the symplectic form on N/Γ in the minimal model
Λ(x1, x2, . . . , x2n). Since the bundle is Hamiltonian we have D(ω) = 0 (Theorem 1.4).
Thus
0 = D(ω)
= D
(∑
aij xixj
)
=
∑
aij (Dxixj − xiDxj )
=
∑
aij
(
(αia + dxi)xj − xi(αja + dxj )
)
=
∑
aij (αiaxj − αjxia)+ dω
and we obtain
(1)
∑
aij (αixj − αjxi) = 0.
Take X ∈ n such that xk(X) = αk . Note that
ω(X,−) =
∑
aij (αixj − αjxi).
It follows from (1) that
X = 0, and thus αk = 0, for all k.
Thus D(xk) = dxk and H ∗(P ) = H ∗(S2)⊗H ∗(N/Γ ).
Case 2. B is a simply connected finite CW-complex. First, we will choose a minimal Sullivan model for B . Let
v1, . . . , vm be a basis of H2(B,R). Since B is simply connected the Hurewicz theorem asserts that the Hurewicz map
is an isomorphism π2(B) → H2(B,Z). This extends to an isomorphism π2(B) ⊗Z R → H2(B,R). Thus vi can be
represented by maps fi :S2 → B . Let a1, . . . , am be the basis for H 2(B,R) defined by 〈aj ,H∗fi([S2])〉 = δij , where
H∗fi :H∗(S2) → H∗(B) and 〈, 〉 denotes the pairing between cohomology and homology. Let Φj ∈ APL(B) be the
cocycle representing the cohomology class aj . Since V 2B  H 2 then we can choose VB and a quasi-isomorphism
m : (ΛVB, d˜) → APL(B),
such that maj = Φj , j ∈ {1, . . . ,m}. Hence f ∗i (aj ) = δij a for any f ∗i . Here f ∗i : (ΛVB, d˜) → (Λ(a, b), d) is a Sulli-
van representative of fi .
Now, let
(
Λ(VB)⊗Λ(x1, x2, . . . , x2n), D˜
)
with deg(xk) = 1, k ∈ {1,2, . . . ,2n} be the Sullivan model for P . Again, from degree reasons the differential D˜ is
given by
D˜(xk) =
∑
αkjaj + dxk,
where deg(aj ) = 2, αkj ∈ R.
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commutative diagram
(Λ(x1, x2, . . . , x2n), d) (Λ(x1, x2, . . . , x2n), d)
(Λ(a, b)⊗Λ(x1, x2, . . . , x2n),D) (Λ(VB)⊗Λ(x1, x2, . . . , x2n), D˜)
fˆ ∗i
(Λ(a, b), d) (ΛVB, d˜).
f ∗i
It follows from case 1 and the commutativity of the diagram
fˆ ∗i
(
D˜(x1)
)= fˆ ∗i
(∑
α1j aj + dx1
)
=
∑
α1j f
∗
i (aj )+ dx1
=
∑
α1j (δij a)+ dx1
= α1ia + dx1
= D(fˆ ∗i (x1))
= D(x1) = dx1.
Hence α1i = 0, for all i ∈ {1,2, . . . ,m}. The above argument applied to x2, x3, . . . , x2n gives D˜(v) = dv, v ∈ n∗.
Case 3. B is a simply connected CW-complex. A Sullivan model for P is of the form (ΛVB ⊗ Λn∗,D), where
ΛVB is a minimal Sullivan model for B . Assume that the condition Dv = dv, v ∈ n∗ is not satisfied. Then we can
choose a finite subcomplex B1 ⊂ B such that the restriction of the bundle P over B1 has a Sullivan model of the form
(ΛVB1 ⊗Λn∗,D), VB1 ⊂ VB and the condition Dv = dv, v ∈ n∗ is not satisfied. However, this contradicts case 2.
2.5. Remarks
(1) In order to prove Theorem 1.2 it is enough to have a fiber bundle (not necessarily symplectic) (N/Γ,ω) ↪→
P → B such that the symplectic class [ω] extends to H 2(P ).
(2) Any N/Γ is a K(Γ,1) with Γ finitely generated, nilpotent and torsionfree. Conversely, if Γ is finitely generated,
nilpotent and torsionfree then Γ is a lattice in some nilpotent Lie group [14, Theorem 2.18] and K(Γ,1) is a
nilmanifold. If Γ is not torsionfree then K(Γ,1) is not a manifold but has the same minimal Sullivan model over
the real numbers as some nilmanifold. Thus if there is a suitable cohomology class that extends to H 2(P ) then
Theorem 1.2 is also true for a bundle K(Γ,1) ↪→ P → B .
3. Example
Consider the Leray–Serre cohomology spectral sequence of a Hamiltonian bundle. In [9], Lalonde and McDuff
proved that d2 = d3 = 0. Thus c-splitting conjecture holds for every Hamiltonian bundle whose fiber has cohomology
generated by H 1 and H 2.
In [6], Haller proved the c-splitting conjecture for fibers which satisfy a weakening of the Lefschetz condition.
A 6-dimensional symplectic manifold M satisfies this condition if and only if ∪[ω] :H 1(M) → H 3(M) is injective.
The following example shows that there is a 6-dimensional symplectic nilmanifold that satisfies neither of these
two conditions.
Example 3.1. Consider the 6-dimensional nilmanifold M of the type (0,0,0,12,13 + 14,24) [7,13].
A minimal Sullivan model for M is given by:(
Λ(x1, x2, x3, x4, x5, x6), d
)
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dx1 = dx2 = dx3 = 0,
dx4 = x1x2, dx5 = x1x3 + x1x4, dx6 = x2x4.
It is easy to see that the cohomology groups of degrees 1, 2 are (see also [7]):
H 1(M) = {[x1], [x2], [x3]},
H 2(M) = {[x1x3], [x1x5], [x2x3], [x1x6 + x2x5 + x3x4], [x2x6]}.
A straightforward calculation shows that the non-zero class [x2x4x6] ∈ H 3(M) is not generated by H 1 and H 2.
Now, let ω = x1x6 + x2x5 + x3x4 represent the cohomology class of the symplectic form on M . We have
[x1][x1x6 + x2x5 + x3x4] = [x1x2x5 + x1x3x4] =
[
d(x4x5 + 2x3x5)
]
,
[x2][x1x6 + x2x5 + x3x4] = [−x1x2x6 + x2x3x4] =
[
d(−x4x6 + x3x6)
]
.
Thus [x1], [x2] ∈ ker(∪[ω]).
Acknowledgements
The author is grateful to Boguslaw Hajduk, Jarek Ke¸dra and Aleksy Tralle for valuable advice and continuous
support.
References
[1] M.F. Atiyah, R. Bott, The moment map and equivariant cohomology, Topology 23 (1984) 1–28.
[2] C. Allday, V. Puppe, Cohomological Methods in Transformation Groups, Cambridge Univ. Press, 1993.
[3] C. Benson, C.S. Gordon, Kähler and symplectic structures on nilmanifolds, Topology 27 (1988) 513–518.
[4] A. Blanchard, Sur les variétés analytiques complexes, Ann. Sci. Ecole Norm. Sup. 73 (1956) 157–202.
[5] Y. Félix, S. Halperin, J.-C. Thomas, Rational Homotopy Theory, Springer, 2000.
[6] S. Haller, A remark on the c-splitting conjecture, Red. Circ. Mat. Palermo (2) Suppl. 72 (2004) 127–133.
[7] R. Ibánez, Y. Rudyak, A. Tralle, L. Ugarte, On symplectically harmonic forms on six-dimensional nilmanifolds, Comment. Math. Helv. 76
(2001) 89–109.
[8] J. Ke¸dra, Restrictions on symplectic fibrations, Differential Geom. Appl. 21 (2004) 93–112.
[9] F. Lalonde, D. McDuff, Symplectic structures on fiber bundles, Topology 42 (2003) 309–347.
[10] F. Lalonde, D. McDuff, L. Polterovich, Topological rigidity of Hamiltonian loops and quantum homology, Invent. Math. 135 (1999) 369–385.
[11] D. McDuff, The moment map for circle actions on symplectic manifolds, J. Geom. Phys. 5 (1988) 149–160.
[12] D. McDuff, Quantum homology of fibrations over S2, Inernat. J. Math. 11 (2000) 665–721.
[13] S. Salamon, Complex structures on nilpotent Lie algebras, J. Pure Appl. Algebra 157 (2001) 311–333.
[14] M. Raghunatan, Discrete Subgroups of Lie Groups, Springer, Berlin, 1972.
[15] A. Tralle, J. Oprea, Symplectic Manifolds with no Kähler Structure, Lect. Notes Math., vol. 1661, Springer, Berlin, 1997.
